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This study treats a spur gear tooth as a variable cross-section Timoshenko beam to
construct a dynamic model, being able to obtain transient response for spur gears of involute
pro"les. The dynamic responses of a single tooth and a gear pair are investigated. Firstly,
polynomials are used to represent the gear blank and the tooth pro"le. The dynamic sti!ness
matrix and natural frequencies of the gear are in turn calculated. The forced response of
a tooth subject to a shaft-driven transmission torque is calculated by performing modal
analysis. This study takes into account time-varying sti!ness and mass matrices and the gear
meshing forces at moving meshing points. The forced response at arbitrary points in a gear
tooth can be obtained. Calculation results of "llet stresses and strains are compared with
those in the literature to verify the proposed method. ( 2000 Academic Press
1. INTRODUCTION

With an increasing demand for high-speed machinery, the dynamic analysis for gears has
become more important. Dynamic response prediction for gear teeth is a major consideration
in gear design. Much literature on gear dynamics and modelling has been reviewed by
Ozguven and Houser [1]. Moreover, due to high power-to-weight ratios of planetary gear
trains, many papers have been presented concerning planetary gear trains [2}7].

Discrete mass}spring models are commonly utilized for dynamic analysis of gearing. The
mass and sti!ness matrices of gear systems were obtained by approximate models, such as
single- or multi-trapezoidal and rectangular-trapezoidal beams [8}10] or plates [11].
However, gear teeth pro"les generally consist of involute or other curves. Further, tooth
pro"le modi"cation and non-standard gear tool setting are often adopted in gear design
and manufacturing. Therefore, modelling a gear tooth with straight-line pro"le hardly
incorporated these important characteristics. Not only the sti!ness of the gear tooth but the
meshing position varies with time during gear meshing. In contrast to discrete models,
continuous models can incorporate the varying sti!ness intrinsically. However, little work
on gear dynamics using continuous models has been done. Nagaya [8, 9] used taper
Timoshenko beams to investigate the e!ects of moving speeds of dynamic loads on the
de#ections of gear teeth and concluded that this e!ect could not be neglected. Amirouche
et al. [12] investigated teeth tip displacements and "llet strains by a model of a time and
position variant external load using a "nite-di!erence method. Vijayarangan and Ganesan
[13] calculated "llet stresses by a three-dimensional "nite element method incorporating
damping e!ects.

Utilizing a dynamic sti!ness method, the present work deals with dynamics of spur gears
that consists of variable cross-section beams. Firstly, tooth pro"le formulation results from
0022-460X/00/270311#19 $35.00/0 ( 2000 Academic Press
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a standard rack cutter pro"le. Secondly, a spur gear is treated as a continuum, namely
Timoshenko beams "tted by some polynomials. Thirdly, the dynamic sti!ness matrix of the
beam is derived. Natural frequencies of the gear are in turn obtained by performing
a bisection procedure. Finally, the forced responses of the gear are calculated by performing
modal analysis and the Runge}Kutta method.

2. TOOTH PROFILE DESCRIPTION

Figure 1 depicts a typical spur gear whose center is at the origin of the x@}y@ co-ordinate
system with the x@-axis passing through the middle of the gear tooth and the y-axis through
its pro"le bottom. This pro"le consists of an involute and a "llet, which are generated by
a straight line and a corner on a standard rack cutter pro"le respectively, as shown in
Figure 2. Using the equation of meshing [14], the equations of the involute part of the gear
are derived as
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Figure 2. Pro"le of standard rack cutter with straight and corner parts.

Figure 1. Co-ordinate systems of gear tooth pro"le including involutes and "llets.
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where l is a distance from point M
0
, which is an interconnection of the straight line and the

corner with a radius o, to an arbitrary point M
1

depicted in Figure 2, a
r
the addendum

coe$cient, and a the pressure angle. r
p
is the radius of the pitch circle, and the gear rotation

angle j
i
when the involute part is generated by a cutter is written as
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Similarly, the equations of the "llet part are derived as
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where the rotation angle j
f

during cutting the "llet part is written as
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The functions in equations (1)} (6), used to express the gear tooth pro"le, are
transcendental. In this work, based on tooth pro"le data calculated from equations (1)} (6),
polynomials will be used to represent tooth pro"les to facilitate solving dynamic equations
for Timoshenko beams using a power-series method presented in the next section. Only one
polynomial is required for the "llet part. The involute part is "rstly discretized into two
elements for polynomial "tting. One of the two elements in the involute part is further
divided into two elements at an instantaneous meshing point that is determined by using
equations (1)} (6) of teeth pro"les for the mating gears and conditions of continuous
tangency [14]. During teeth meshing, due to the movement of the time-varying meshing
point, the meshing point has to be recalculated for each computing time step. Each beam
element is "tted by a quadratic function using a least-squares "tting. Finally, totally nine
points are used to "t the four non-uniform cross-section beam elements.

3. TIMOSHENKO BEAM VIBRATION

The equations of motion for a Timoshenko beam shown in Figure 3, which account for
gear tooth dynamics, will be solved to formulate dynamic sti!ness matrices dealing with
longitudinal and bending vibrations respectively. The gear tooth consists of some variable
cross-section beam elements whose pro"les are "tted by polynomials. The longitudinal
displacement u

0
(x, t) and transverse displacement w(x, t), which are functions of position

variable x and time t, are written as [15]

u
0
"u(x, t)!y/(x, t), (7)

w"w(x, t), (8)



Figure 3. Typical beam element and degrees of freedom.
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where u(x, t) is a longitudinal displacement caused by longitudinal forces, y the transverse
position variable, and / (x, t) the bending slope. Following from linear strain}displacement
relations, the normal strain e

xx
and shear strain e

xy
for the Timoshenko beam are

expressed as

e
xx
"

Lu
0
(x, t)

Lx
"

Lu(x, t)

Lx
!y

L/(x, t)

Lx
, (9)

e
xy
"

1

2 A
Lw(x, t)

Lx
#

Lu
0
(x, t)

Ly B"
1

2A
Lw(x, t)

Lx
!/ (x, t)B, (10)

where Lw(x, t)/Lx represents the beam slope. Force}strain relations of the beam element
including longitudinal force B(x), shear force<(x), and bending moment M(x) are written as
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where A(x) is the cross-sectional area, I(x) the moment of the cross-sectional area, E the
Young's modulus, G the shear modulus of elasticity, and k the shear correction factor. The
equations of motion for the Timoshenko beam are given as
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4. DYNAMIC STIFFNESS MATRICES

According to Liu and Lin [16] and Eisenberger [17, 18], dynamic sti!ness matrices relate
amplitudes of sinusoidal varying forces at the ends of a member to corresponding
displacement amplitudes. Let the harmonic response of vibration for the Timoshenko
beam be

u (x, t)"u(x) sinut, (17)

w (x, t)"w (x) sinut, (18)

/ (x, t)"/ (x) sinut. (19)

Introducing a normalized variable m"x/¸ where ¸ denotes the element length, the area
A(x) and moment of inertia I(x) of a variable cross-section beam element are written as
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where m is the number of terms in the "tting polynomial of the beam. Substituting equations
(17)}(21) into equations (14)} (16) yields
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It is assumed that the solutions u(m), w(m), and /(m ) are expressed in series as
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whose coe$cients u
i
, w

i
and /

i
will be determined. u (m), w(m), and /(m) become exact

solutions as i approaches in"nity. The coe$cients in the solutions read
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Hence, all the coe$cients of the solutions u (m), w(m), and /(m) are obtained except the "rst
two, which will be found by applying boundary conditions. The terms in the sti!ness matrix
are de"ned as the forces at both ends of the beam due to unit displacement at each of the
degrees of freedom. Therefore, there will be six unit displacement boundary conditions
given by

1) u
1
(0)"1, u

1
(1)"w

1
(0)"w

1
(1)"/

1
(0)"/

1
(1)"0, (29)

2) w
2
(0)"1, u

2
(0)"u

2
(1)"w

2
(1)"/

2
(0)"/

2
(1)"0, (30)

3) /
3
(0)"1, u

3
(0)"u

3
(1)"w

3
(0)"w

3
(1)"/

3
(1)"0, (31)

4) u
4
(1)"1, u

4
(0)"w

4
(0)"w

4
(1)"/

4
(0)"/

4
(1)"0, (32)

5) w
5
(1)"1, u

5
(0)"u

5
(1)"w

5
(0)"/

5
(0)"/

5
(1)"0, (33)

6) /
6
(1)"1, u

6
(0)"u

6
(1)"w

6
(0)"w

6
(1)"/

6
(0)"0. (34)

Using the boundary conditions in equations (29)}(34) and the force}strain relations in
equations (11)}(13), longitudinal force B(m), shear force<(m), and bending moment M(m) due
to unit displacements at both ends of the beam, m"0 and 1, become
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where u
j,i

, w
j,i

, and /
j,i

denote the jth terms of the ith shape function obtained using the ith,
i"1}6, displacement boundary condition in equations (29)} (34) respectively. Finally, using
the above formulation for end loading and shape functions, the terms in the dynamic
sti!ness matrix of the Timoshenko beam vibration are obtained as follows:

(1) For the longitudinal vibration,
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where u
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denote the jth terms of the ith shape functions and i are 1 and 4 respectively.
(2) For the bending vibration,
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where w
j,i

and /
j,i

denote the jth terms of the ith shape functions and i"2, 3, 5, and
6 respectively.

5. GEAR MODELLING AND EXCITATION

As shown in Figure 4(a), a gear tooth is built into its gear blank foundation. In this study,
the gear blank e!ect is accounted for by #exibility coe$cients [19] and additional beam
elements respectively. Firstly, according to Matusz et al. [19] and Cornell [20], treating the
gear blank as an elastic half-plane foundation, gear de#ection is written as
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Figure 4. Equivalent dynamic model of gear: (a) shaft-driven torque and meshing force, (b) built-in end
boundary conditions.
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where H/h@ is assumed to be 2)5 [20], h@"h#1)5r
f
, h is the depth of the beam, and r

f
the

"llet radius, B
1

the face width of the gear tooth, and l the Poisson's ratio. As a result, the
equivalent gear model with boundary conditions is shown in Figure 4(b). For a cantilever
beam without the elastic foundation e!ect, all the #exibility coe$cients k

i,j
approach

in"nity. The other model uses additional variable cross-section beam elements to represent
the gear blank.

In a single-tooth model, a gear meshing force arises from shaft-driven torque. For a given
transmitted torque ¹ applied to the gear shaft, the meshing force on the driven gear tooth is
shown in Figure 4(a) and assumed as

F(x, t)"
¹

r
b
n
t

, (54)

where F(x, t) is the meshing force and is normal to the involute pro"le of the gear tooth,
¹ the transmitted torque, r

b
the radius of the base circle, and n

t
the number of gear teeth that

share the meshing force. For a low contact ratio gear system, n
t
is one or two. In this study,

the shaft-driven torque is assumed to be constant. The x and y components of this force are
derived as

F
x
"F(x, t) cos c, (55)

F
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where angle c is shown in Figure 4. Since the x component is not aligned with the x-axis, its
e!ect is converted to an equivalent moment M

eq
with its moment center at the origin of the

x}y co-ordinate system, depicted in Figure 4(b), i.e.,

M
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x
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Since the meshing point varies with time, the force components change during gear
meshing.

This paper further deals with a tooth pair with two mating gears as shown in Figure 5.
The tooth pair is driven by a shaft-driven torque. Gear blanks are not simpli"ed to be
lumped sti!ness. Instead, each gear blank consists of two variable cross-section beam
elements. Two gear teeth are connected by a non-linear contact sti!ness at the meshing
points. The meshing points which vary with time are recalculated for each numerical
calculation step. According to Weber [21], the non-linear contact sti!ness is obtained using
the Hertz contact stress and compression between the meshing point and the tooth
centerline. While the tooth pair is subjected to a contact force F, its local deformation
>
L

can be expressed as

>
L
"F/k

H
, (58)

where k
H

is the non-linear contact sti!ness given by [21]
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Figure 5. A tooth pair with a contact sti!ness.
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and
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where b is the Hertz half contact length, h
1

and h
2

are distances from contact points along
the line of contact to the center of the contact teeth, and r

1
and r

2
are curvature radii of

tooth pro"les for gears 1 and 2 respectively. At the "rst time, F is calculated using equation
(54). Subsequently, F is obtained from the calculation results in the previous step. The
non-linear contact sti!ness k

H
is appended to the dynamic sti!ness matrices of the mating

teeth.

6. MODAL ANALYSIS

Relating a sti!ness and force in a harmonically vibratory system, the dynamic sti!ness
matrix D(u) composed of elements d (i, j) that have been formulated in equations (41)}(46) is
de"ned by [22]

D(u)t"F
h
, (61)

where t is an eigenvector and F
h

represents an external harmonic force vector. Since
a system consists of several variable cross-section members, the dynamic sti!ness matrix
D(u) is assembled over all the subsystems as traditionally done in "nite element analysis. In
this work, the gear tooth is divided into four beam elements.

The natural frequencies of a vibratory system are the values when equation (61) has
non-trivial homogeneous solutions t, i.e.,

detD(u)"0. (62)

This determinant is calculated by incrementally increasing u until sign changes are
observed. A bisection numerical procedure is performed to speed up convergence of the
natural frequencies to a desired accuracy.

For vibration analysis of linear systems undergoing forced harmonic oscillation, one has

D(u)"K!u2M, (63)
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where K and M are sti!ness and mass matrices respectively. From Leung's theorem [22],
the mass and sti!ness matrices are derived as

M"!

LD(u)

Lu2
, (64)

K"D(u)!u2
LD(u)

Lu2
. (65)

In this work, a displacement response vector q is de"ned as
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n
w
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/
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]T , (66)

where n is the number of nodes on the gear tooth. Further, a componental response vector
q
i
is de"ned as a component of q due to the ith mode with a natural frequency u

i
. Therefore,

q"
N
+
i/1

q
i
, (67)

where N is the number of modes taken into account for a desired accuracy of the response.
Using M

i
and K

i
in terms of the natural frequency u

i
obtained by equations (64) and (65),

excitation force F, and initial conditions, the displacement q
i
can be solved from

M
i
qK
i
#K

i
q
i
"F. (68)

The modal response is obtained by performing the Runge}Kutta method for equation (68).
Further, the free and forced responses q at nodes are obtained by superimposing all the
displacement responses q

i
. Finally, based on these nodal displacements, the strains and

stresses at an arbitrary point in the tooth can be calculated.

7. NUMERICAL RESULTS AND DISCUSSION

Based on the #owchart in Figure 6, a computer program is written to calculate (1) the
x and y co-ordinates of points along the involute pro"le and "llet of a spur gear, (2) the gear
meshing point used for elements dividing and force imposing node, (3) normalized
polynomials which "t the gear, (4) dynamic sti!ness matrices of the beam and its natural
frequencies, (5) meshing force and components along the tooth pro"le, and (6) dynamic
responses and stresses of the gear tooth.

7.1. EXAMPLE 1

A thin spur gear tooth is subjected to a moving meshing force, the data of which is shown
in Table 1. Both sti!ness and inertia matrices of the gear tooth for the present model during
gear meshing are time- and position-varying. To validate the proposed method, dynamic
stresses at a tooth "llet are compared with results by the "nite element method [13]. Firstly,
the gear rotates at a low speed of 748 rpm. The gear blank e!ect is incorporated using the
#exibility coe$cients. Natural frequencies of the "rst three modes are 150 230, 409 070, and
459070 rad/s. In this work, the tooth displacements and stresses are calculated. To account



Figure 6. Flowchart of gear tooth vibration analysis.
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for the meshing process, a meshing force of 245)25 N per unit gear face width, induced by
a shaft-driving torque 230)46 Nm, moves along the tooth pro"le from the tooth tip to the
root. Damping ratios are assumed as 1"0)004 and 0)02. Figure 7 shows the tip transverse
displacement and the "llet stress for damping ratio 1"0)004 during tooth meshing. These
values are obtained by superimposing responses of the "rst three modes. Besides, Figure 8
depicts superimposed results for damping ratio 1"0)02. Concerning the results in Figures
7(a) and 8(a), the initial meshing causes a large displacement at the tooth tip, followed by



TABLE 1

Gear tooth parameters

Parameter Value

Pressure angle 203
Module (M) 10 mm
Addendum 1M
Dedendum 1)25 M
Teeth number 20
Face width 2M
Rotation speed 78)25 rad/s

Figure 7. Dynamic displacement and stress for damping ratio f"0)004 at 748 rpm: (a) tip displacement; (b) "llet
stress.
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a sinusoidal displacement with an exponential decay. This decaying tendency is maintained
until the number of contact teeth changes from two to one, at the instant
640]3)125E!6 s"0)002 s, where the amplitude exhibits a sudden jump. However, this
amplitude is still smaller than that at initial contact, since the bending moment caused by



Figure 8. Dynamic displacement and stress for damping ratio f"0)02 at 748 rpm: (a) tip displacement; (b) "llet
stress.
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the meshing force when the teeth contact at the tip is larger than at elsewhere. Moreover,
sti!ness at the tooth tip is smaller than elsewhere due to the smallest thickness at the tip.
Finally, as soon as the second amplitude jump appears, the tooth undergoes vibration with
smaller amplitudes, since the meshing point is closer to the root and the contact teeth
number on this gear becomes two again. Besides, comparing Figures 7(a) and 8(a) shows
that vibratory displacement for damping ratio 1"0)004 decays slower than that for
1"0)02. However, the damping ratio does not signi"cantly a!ect their maximum
amplitudes, which are observed as 0)0131 and 0)0127 mm for 1"0)004 and 0)02
respectively. From vibratory displacements, stresses at the "llet are calculated and shown in
Figures 7(b) and 8(b). The results agree well with those in the literature [13]. Additionally,
for the gear rotating at a much higher speed of 4000 rpm, the responses of the tooth are
depicted in Figure 9, which have shorter meshing periods and fewer vibratory cycles than
those in Figure 7. The maximum values of the tip displacement and "llet stress depicted in
Figure 9 are larger than those in Figure 7.



Figure 9. Dynamic displacement and stress for damping ratio f"0)004 at 4000 rpm: (a) tip displacement;
(b) "llet stress.
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7.2. EXAMPLE 2

The gear blank model is incorporated using two variable cross-section beam elements.
Only the response for the damping ratio 1"0)004 is calculated. The "rst seven natural
frequencies are calculated as 51 930, 87 358, 118 713, 138 911, 169 047, 179 880, and
216357 rad/s respectively. Figure 10(a) shows the "llet stress obtained by superimposing
responses of these seven natural modes. Their peak values are a little smaller than, but close
to, the result depicted in Figure 7(a). Responses due to individual modes are given in Figures
10(b)}10(d). As shown in Figures 10(b) and 10(c), the two lowest modes contribute little to
the superimposed result in Figure 10(a), and so do the third and fourth modes. However, as
depicted in Figure 10(d), the "fth mode of 169 047 rad/s dominates the response and it is
close to the "rst natural frequency obtained by the former model. The sixth and seventh
modes are high-frequency modes, and so result in less contribution again.

The "rst seven natural frequencies of the gear obtained by both models are compared
in Figure 11. When dynamic performance of the entire gear is desired, the modal



Figure 10. Superimposed "llet stress for damping ratio f"0)004: (a) superimposed result, (b)}(d) results due to
some individual natural modes.
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characteristics of the gear blank has to be taken into account, since it will generate lower
natural frequencies.

However, these frequency modes do not critically a!ect tooth dynamic behavior. By
contrast, the higher modes induced by the tooth part dominates when only tooth dynamics
is concerned. Further, the superimposed responses modelled by the #exibility coe$cients
and gear blank are close. Therefore, the model employing the #exibility coe$cients is
validated. Further, when the dynamic response of a tooth is measured, the measurement
bandwidth has to be high enough to contain higher modes that are caused by the tooth part.

7.3. EXAMPLE 3

This example calculates the "llet strain of a tooth pair on two mating identical gears with
standard tooth pro"les. The dynamic "llet strain of the driven gear is compared with the
empirical result presented by Oswald and Townsend [23]. The gears rotate at 4000 rpm



Figure 10. Continued

Figure 11. Frequencies distribution of gear tooth using di!erent models for gear blank.
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Figure 12. Fillet strain of driven gear.
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with a driving torque 102 Nm. The "llet microstrain of the driven gear is depicted in
Figure 12. Two large peak values occurred. One peak of value 2076 is generated at the
instant of 3)283 due to meshing at the tooth tip of the driven gear. The other occurs at the
instant of 9)603, since the number of meshing tooth pair changes from two to one. After that,
the strain becomes smaller, since not only the meshing point approaches a tooth root on the
driven gear, but the number of meshing tooth pairs also changes back to two. The present
result is similar to empirical results in the literature [23].

8. CONCLUSIONS

A dynamic sti!ness method based on equations of motion for a Timoshenko beam model
has been developed to simulate spur gear dynamics during meshing. In this work, rather
than the "nite element method, the dynamic sti!ness method is used to calculate the
dynamic response of a gear tooth subject to meshing force. Instead of discrete models, this
method deals with time-varying mass and sti!ness matrices and meshing force due to the
movement of meshing points that are crucial factors causing gears vibration and noise.
When dynamic performance of the entire gear is desired, the gear blank has to be taken into
account since it generates lower natural frequencies. However, the gear blank does not
critically a!ect the peak values of the "llet stress and tip displacement. By contrast, the
higher modes induced by the tooth part will dominate. Dynamics of a tooth pair
represented by two beams connected by a non-linear contact sti!ness has also been
investigated. Since the gear tooth is modelled by variable cross-section Timoshenko beams
with curve pro"les, variation of gear design parameters, and contact ratio on gear
performance can be further investigated to facilitate gear design.
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